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TWO WEIGHT INEQUALITIES FOR ITERATED COMMUTATORS 
WITH CALDERON-ZYGMUND OPERATORS 

IRINA HOLMES AND BRETT D. WICRt 


Abstract. Given a Calderon-Zygmund operator T, a classic result of Coifman-Rochberg- 
Weiss relates the norm of the commutator [b, T] with the BMO norm of b. We focus on 
a weighted version of this result, obtained by Bloom and later generalized by Lacey and 
the authors, which relates ||[&,T'] : L^(R";/r) —>• L^’(R";A)|| to the norm of 6 in a certain 
weighted BMO space determined by Ap weights ^ and A. We extend this result to higher 
iterates of the commutator and recover a one-weight result of Chung-Pereyra-Perez in the 
process. 
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1. Introduction and Statement of Main Results 

A Calderon-Zygmund operator associated to a kernel K{x,y) is an integral operator: 

T/(a;) := / K{x,y)f{y)dy, x ^ supp/, 

dK" 

where the kernel satishes the standard size and smoothness estimates 

C 


\K{x,y)\ < 


Ix-yl' 


\K{x + h,y) - K{x,y)\ + \K{x,y + h) - K{x,y)\ < C- 


\hf 


\n-\-S ’ 

\x - y\ 

for all |a; — |/| > 2 |h| > 0 and a hxed S G (0,1]. The prototypes for this important class of 
operators are the Hilbert transform, in the one-dimensional case, and the Riesz transforms, 
in the multidimensional case. 
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Recall that the commutator [S,T] of two operators S and T is defined as [S, T] := ST—TS. 
We are interested in commutators of multiplication by a symbol b with Calderon-Zygmund 
operators T, denoted [b, T] and defined as: 

[b,T]f :=bTf-T{bf). 

In the foundational paper [6] Coifman, Rochberg, and Weiss provided a connection between 
the norm of the commutator [b, T] : —)■ and the norm of the function b 

in BMO. This result was later extended to the case when the commutator acts between 
two different weighted Lebesgue spaces Lp{\) := A) and := /i). In 1985, 

Bloom [2] showed that, if /i and A are Ap weights, then ||[6, H] : —)■ T^(A)|| is equivalent 

to ||fc||_BMO(t/)) where H is the Hilbert transform and BMO{iy) is the weighted BMO space 
associated with the weight u = Here, 

\\b\\BMO{y) ■= sup I \b- {b)o \dx <oo, 

Q Jq 

where z/(Q) = du, and the supremum is over all cubes Q. When there is no weight 
involved, we will simply denote this space by BMO, which is the classical space of functions 
with bounded mean oscillation. 

A new dyadic proof of Bloom’s result was given in [10]. This was then generalized to all 
Calderon-Zygmund operators in [11], where one of the main results is: 

Theorem 1.1. Let T be a Calderon-Zygmund operator on M” and fi,X & Ap with 1 < p < oo. 
Suppose b G BMO{u), where v = p/pX~p . Then 

\\[b,T:\: ^ mX)\\ < c\\b\\BMOi.), 

where c is a constant depending on the dimension n, the operator T, and p, A, and p. 

A natural extension of this is to consider higher iterates of this commutator. To see how 
these arise naturally, we follow an argument of Coifman, Rochberg, and Weiss, [6]. For 
b G BMO and r sufficiently small, consider the operator: 

S,(/) = 

Then it is easy to see that -£Sr{f)\^^Q = [b, T](/) and similarly that we have = 

[b,..., [&, [b, T]] . ..] with the function b appearing n times. For some Calderon-Zygmund 
operator T, let (T) := [b, T], and 

C^{T) := [b,Cl:-\T)], for all integers k > 1. 

Using weighted theory and the connection between the space BMO and A 2 weights, it is 
then easy to see that the norm of the operator C^(T) on depends on the number of 

iterates and the norm of the function b G BMO. At this point, a few natural questions arise: 
(1) What is the norm of the fcth iterate as a function of the norm of & G BMOl (2) What 
happens if we attempt to compute the norm of this operator when it acts on Lp{W^-,w) for 
a weight w G Ap7 (3) Is there an extension of Theorem 1.1 for the iterates? 

In the paper [5] Chung, Pereyra, and Perez provide answers to questions (1) and (2) and 
show that: 

||Cj(T) : B(w) ^ T(tt,)|| < 
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where c is a constant depending on n, k and T. In fact, they show that, more generally, if 
T is any operator bounded on with norm <^{[w\a 2 ) then 

||C,*(T) : L\w) ^ T(»)|| < AHa,)[w]% ||(>||‘„o. 

However, the two weight extension of Theorem 1.1 lies outside the scope of the results in 
[5]. Additionally, in [5, pg. 1166] they ask if it possible to provide a proof of the norm of 
the iterates of commutators with Calderon-Zygmund operators via the methods of dyadic 
analysis. The main goal of this paper is to extend Theorem 1.1 to the case of iterates, 
addressing question (3), and in the process show how to answer the question raised in [5]. 
This leads to the main result of the paper: 

Theorem 1.2. Let T be a Calderon-Zygmund operator on M” and fi,X & Ap with 1 < p < oo. 
Suppose b G BMO fl BMO{u), where v = jjLp\~p . Then for all integers k > 1.' 

||Cf(T) : ^ L>’(A)|| 

where c is a constant depending on n, k, T, p, \, and p. 

In particular, if p. = X = w G A 2 : 

||Cj(T) : T(m) ^ T(m)|| < c\\b\\'i„olw]'Z\ 

where c is a constant depending on n, k and T. 

The paper is structured as follows. In Section 2 we discuss the necessary background and 
notation, such as the Haar system, dyadic shifts, and weighted BMO spaces. Note that most 
of these concepts were also needed in [11], and are treated in more detail there. In Section 
3 we show how, through the Hytonen Representation Theorem, it suffices to prove our main 
result for dyadic shifts The rest of the paper is dedicated to this. In Section 4 we revisit 
the two-weight proof for the hrst commutator [6, S*-^] in [11], making some dehnitions which 
will be useful later, and obtaining the one-weight result. In Section 5 we look at the second 
iteration [6, [b, S*-^]] - this will provide the intuition behind the general case of k iterations, 
and also establish the hnal tools needed for this. In Section 6 we prove the general result. 

2. Background and Notation 

2.1. The Haar System. Let = {2“^([0,1)” + m) : fc G Z, m G Z”} be the standard 

dyadic grid on M". For any oj = {ujj)j^z G ({0,1}"")^, we let 'D‘^ := {Q u : Q G be 
the translate of by cn, where 

Q -\- OJ ■= Q -\- 'y ^ 2 ^ojj, 

where 1{Q) denotes the side length of any cube Q in M”. Every dyadic grid 'D‘^ is characterized 
by two fundamental properties, namely (1) For every P,Qe , P fl Q G {P, Q, 0 }, and (2) 
For every hxed A: G Z, the cubes Q G with 1{Q) = 2“^ partition M". Let P be a hxed 
dyadic grid, Q E V, and A; be a non-negative integer. We let denote the A:*^^ ancestor 
of Q in P, i.e. the unique element of P with side length 2^1{Q) that contains Q, and Q(^k) 
denote the collection of A;*'^ descendants of Q in P, i.e. the 2^^^ disjoint subcubes of Q in P 
with side length 2~H{Q). 
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The Haar system on T> is defined by associating 2^ Haar fnnctions to every Q = Ii x ■ ■ ■ x 
In G H, where each Jj is a dyadic interval in M with length 1{Q): 

n 

i=l 

for all X = (xi,..., Xn) G M"", where e G {0,1}” is called the signatnre of hg, and h'^j. is one 
of the one-dimensional Haar fnnctions: 

= ^1.. 

We write e = 1 when e* = 1 for all i. In this case, hq = \Q\~^1q is said to be non-cancellative, 
while all the other 2^ — 1 Haar fnnctions associated with Q are cancellative. Moreover, the 
cancellative Haar fnnctions on a fixed dyadic grid form an orthonormal basis for We 

then write for any / G 

/= E 

where f{Q, e) ■■= (/, hg) and (•, •) denotes the usnal inner prodnct in Then 

(/)«= E 

R€V,RDQ-,e^l 

where (/)g := Jg f dx denotes the average of / over Q. 

2.2. Ap weights. By a weight on M” we mean an almost everywhere positive, locally inte- 
grable fnnction w. For some 1 < p < oo with Holder conjngate q, we say that a weight w 
belongs to the Mnckenhonpt Ap class if 

Nap := snp {w)g {w^~'^Yg^ < oo, 

Q 

where the snpremnm is over all cnbes in M”. We let w' ■■= the ‘conjngate’ weight to 

w. Then tc G Hp if and only if w' G Aq, with [w']Ag = Ma^^- 

For a weight w and 1 < p < cxo, let L^{w) denote the usnal space with respect to the 
measure dw = wdx, i.e. the space of all functions / such that = /r^ Ifl^dw < oo. 

If tc G Ap, we then have the duality {Lp{w))* = L'^{w'), in the sense that 

||/||lp(«;) = sup{| {f,g)\ : g e L'^{w'), HpHl^k) < !}• 

We review some of the crucial properties of Ap weights, starting the maximal function: 

Mf :=sup ((|/|)q1q) , 

Q 

where again the snpremnm is over all cubes Q in W^. If tc G Ap, then the following bound 
is sharp [3,17] in the exponent of [w]ap'- 

IIVIU.M ;S H*. 


(2.1) 
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where for some quantities A and B, “A < i?” denotes A < CB for some absolute constant 
C. Another important tool is the dyadic square function: 


{SvfY 


Qev,€^i 


1q 

IQI’ 


for which we have the sharp [7] one-weight inequality: 




maxi 

A.p 


2'p-l) 


For a dyadic grid T) on M"" and a pair (i, j) of non-negative integers, dehne a shifted dyadic 
square function: 


( 2 . 2 ) 



Q&V,e^l 


E 


I/(^a)|) 


% 

iQr 


The following was proved in [11, Lemma 2.2]: 

(2.3) 

Lastly, we recall the extrapolation property of Ap weights [9]. Suppose an operator T 
satishes: 

l|r/llL^w<2iH%ll/IU-w 

for all t/; G ^ 2 , for some fixed A > 0 and a > 0. Then; 

^ .r ..Q max( 1, ^ 

I|r/IU.M < ^ '-'II/IU.. 

for all 1 < p < oo and all w G Ap. 


2.3. Weighted BMO. Let tc be a weight on M"". The weighted BMO space BMO{w) is 
the space of all locally integrable functions b such that 

\\b\\BMOiw) ■= sup [ \b- (6)q I da; < oo, 

Q Jq 

where w{Q) = fg dw, and the supremum is over all cubes Q. Note that if we take w = 1 
we obtain the usual space of functions with bounded mean oscillation, which we simply 
denote by BMO. If tc G Ap, it was shown in [18] that || • \\bmo(w) is equivalent to the norm 
II • llsMO-JCio)) dehned as 

\\Wbmo<^(w) 

Given a dyadic grid we dehne the dyadic versions of these spaces, BMOb{w) and 
BMO'^{w), by taking the supremum over Q eB instead. 

Now suppose fi,X E Ap and dehne u ■= /r? A~p. As shown in [11], u is then an A 2 weight. 
The following inequality will be very useful: 

(2.4) I (6,4) I < Ha,||6|Ib„o|.mI|Si,-S>|U.m. 

This in fact holds for all A 2 weights w, and comes from a duality relationship between 
BMO^{w) and the dyadic weighted Hardy space See [11, Section 2.6] for details. 
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2.4. Paraproducts. Recall the paraproducts with symbol 6 on M: n^/= XI/gd ^(-^) (/)/ 
and Hlf = &(/)/(/)These are most useful in dyadic proofs due to the identity: 
bf = Ubf + Hlf + Il/fe. To generalize this property to M”, we dehne the multidimensional 
paraproducts below. 


Definition 2.1. For a fixed dyadic gridV on M”', define the following paraproduct operators 
with symbol b: 

J2 mOiXgh'Q, nif:= Yi, 

Q&V,e^l 


and 




Q(zT> 

e^ri 


where for every e,r} G {0,1}", e + g is defined by letting {e + r])i be 0 if Ci rji and 1 otherwise. 


Then bf = Ubf + 11^/ + Tbf + Hfb. Note that, while the hrst two paraproducts above 
reduce to the standard one-dimensional ones when n = 1, the third paraproduct Tb vanishes 
in this case. This third paraproduct comes from the fact that hg/ig = \Q\~ 

For ease of notation later, we denote: 

:= ||T:L^H^L^(u)||, 

the operator norm between two weighted L^-spaces. And, when w = v we will frequently 
write 

||T|U.(^) := ||T:L»^L»||. 

The following two-weight result was proved in [11, Theorem 3.1]. We recall hrst that the 
adjoints of If;,, 11^, and T^, as TP(/i) —)■ Lp{X) operators are 11^, Ilf,, and Tf, as T^(A') —?■ T^(/u') 
operators, respectively. 

Theorem 2.2. Let fa, \ & Ap for some 1 < p < oo, v = fiv\~v, and suppose b G 
for a fixed dyadic grid V on M"'. Then: 

l|nb|lLP(/x; A) ~ ^ 

l|nf,||i;,P(^; A) = l|nfe||i9(A';^') ^ c\\b\\BMO^{iy)^ 

A) ^ ll^felll,9(A';M') ~ ^WHsMO^iufy 

where, in each case, c denotes a constant depending on fi, X, and p. 


2.5. Dyadic Shifts. Let i,j be non-negative integers and TX a dyadic grid on M"’. A dyadic 
shift operator with parameters {i,j) is an operator of the form: 


sg/^=E E E ^"pQjixehi. 

Rev P€R(^ipQeRy^ e,rfG{0,l}" 

where Opg^ are coefficients with Opg^, < The shift is said to be cancellative 

if all Haar functions in its dehnition are cancellative, that is Opgp = 0 whenever e = 1 or 
rj = 1. Otherwise, it is called non-cancellative. 

The following weighted inequality for dyadic shifts, which can be found in [14,16,19], will 
be extremely useful: 
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Theorem 2.3. Let be a dyadic shift operator. Then for any weight w & A 2 : 

(2-5) ||Sc|L 2 (^) < «uN 2 , 

where Hij := max{i, j, 1 } is the complexity of the shift. 

As a first application of this result, we observe that that all paraproducts in Dehnition 2.1 
can be expressed in terms of dyadic shifts with parameters ( 0 , 0 ), that is, shifts of the form 

For instance, we may write Ilf, = where Oq = 0 if e 7 ^ 1 or 77 = 1, and 

Oq = b{Q,ri)\Q\~^/^\\b\\~^j^Q 2 if e = 1 and rj ^ 1. Similar expressions can be obtained for the 
other two paraproducts. Then, if Pf, is any one of Ilf,, 11^, or Ff,, it follows from (2.5) that 

(2-6) \\Pb\\L^w) < \\b\\BMOl[wW 

for any w E A 2 . These one-weight inequalities for paraproducts were obtained in [1] for the 
one-dimensional case n = 1, and, using the Wilson Haar basis, in [4] for n > 1. 

We can also use dyadic shifts to recover the one-weight bound for the martingale transform: 

Taf ■= XI 

QGl5,e71 


where Icrg ^j < 1 for all Q € P and 67 ^!. For w E A 2 , all martingale transforms T„ are 
uniformly bounded on Lf{w). In particular, there is a universal constant C such that 

(2.7) \\TAW(u,) < C[w]a2, 

for all a. This result, obtained in [20] for the one-dimensional case, trivially follows from the 
observation that T„ = where is dehned to be if e = 77 7 ^ 1 and 0 otherwise. 

The following simple consequence of this fact will come in handy later: 

Proposition 2.4. Let w E A 2 , b E BMOfi(w), and To- be a martingale transform. Then 
T,b E BMOliw), with 


\\T<Tb\\BMO'^{w) ^ W\A2\\b\\BMO'^{w)- 

Proof. It is easy to observe that IglT^b — {T„h)Q) = To-(1q(& — {b)Q)), and so 


\Tab\\BMO^(w) — sup 


Qe-D W 




U(ie(6-(t)o)) 


< 




['«i]a2||^||sMO|,(«))- 


□ 


3. Proof of The Main Result 

As in the proof of Theorem 1.1 in [11], the backbone of our proof of Theorem 1.2 is the 
celebrated Hytonen Representation Theorem [12,13,15], which we state below. 
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Theorem 3.1. Let T be a Calderon-Zygmund operator associated with a 5-standard kernel. 
Then there exist dyadic shift operators S^J with parameters {i,j) for all non-negative integers 
i,j such that 

OO 

(T/,j>=cE„5^2-'“A(s«/,9>, 

ij=0 

for all bounded, compactly supported functions f and g, where c is a constant depending on 
the dimension n and on T. Here all with {i,j) 7 ^ (0, 0) are cancellative, but the shifts 
may not be cancellative. 

It is easy to see that 

00 

(3.1) (CJ(T)/, 9 > = cE„ 2-“<.4 {Ct(SZ)f,g ), 

i,j=0 

for all integers k > 1. Thus it suffices to show that C^(S^) are uniformly bounded, regardless 
of u, with bounds that depend at most polynomially on Kij. Since our arguments will be 
independent of choice of ca, we £x a dyadic grid V and suppress the a; subscript in what 
follows. We claim that: 


Theorem 3.2. Let /r, A E Ap for some 1 < p < 00 and b E BMOffiy) fl BMOf,, where 

V = pT\~'p. For any pair {i,j) of non-negative integers, let := be a dyadic shift as in 
the Hytonen Representation Theorem. Then for any integer k > 1: 

where c is a constant depending on n, p, p, A, and k. In particular, if p. = X = w E A 2 : 

where c is a constant depending on n and k. 


Then for all u: 

< c4l|6|llyoll'>l|BMOM. and ||Cj*(S«)||y,„, < c4||6||UoHy‘. 
where we used the equivalence of BMO{v) and BMO'^{v) norms. Then (3.1) gives that 


||CJ(T)| 


c 

LP(//; A) — 


\%mo\\^\\bmo(u) 




2 2 < d 

i,j=0 

The one-weight result in Theorem 1.2 follows similarly. The rest of the paper is dedicated 
to proving Theorem 3.2. 


4. The Commutator [6, S®-^] Revisited 

Recall that the product of two functions can be formally decomposed in terms of the 
paraproducts in Dehnition 2.1 as bf = fP;,/ -|- 11^6, where 

■= Rb + -|- Fft. 

Consequently, the commutator [b,T] with an operator T can be expressed as: 

Cl,(T)f = [b,T]f = |<p,.r]/ + (n„6 - TU,b). 
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Proving inequalities for [fc, T] via dyadic methods usually involves proving some appropriate 
bounds for the paraproducts - from which the boundedness of the hrst term [^b,T] usually 
follows - and then treating the ‘remainder term’ TZif = Urfb — TUfb separately. 

Now, remark that if we consider the second iteration: 

c^(T)f = ift.Gu)]/ = |<pj,c;(r)]/ + (nc;(T),i> - , 

we will encounter the term U-ji-^^fb — TZiUfb. We can already see that more compact notation 
for repeatedly performing the operation T i—>■ — Til.6 would be useful. 

Definition 4.1. Given an operator T on some function space and a function b, define the 
operator 0b(T) by: 

Qh{T)f :=UTfb-TUjb. 

More generally, let 0b(T) := T, and 

etm ■■= ei(ey‘(T)), 

for all integers k>\. 

Using this notation, for an operator T, 

(4.1) [6,T] = [q3,,T] + 0,(T), 

In particular, 

(4.2) Ui(S*^) = [q3,,§*^] + 0,(S*^), 


so 

(4.3) ||q(S«)|U.(„;A) < ||%|U.(„;A)(I|S«|U.(„) + ||S«|Ua(A)) + IIOa)®”) |Ua(„; A) 

< KijC{p,,\,p)\\b\\BMO'^{v) + ||06(S*'^)||lp(/4; A)) 

where the hrst term is bounded using Theorem 2.2 and (2.5). Letting /i = A = ta G ^2 in 

(4.3) and using the one-weight bounds (2.6) for the paraproducts: 

r6(§‘'')||L2(^) < 2||^,|U2(^)||§*^|U2(^) + ||0fc(§*^)|U2(^) 

^ ^uII^I|bMO|,[^]a 2 + l|0b(S*'^)IU2(u,). 

So it remains to bound the remainder term. And, based on analysis that will come later, we 
in fact need to control certain iterates of the remainder term, leading to the following claim: 


Proposition 4.2. Under the same assumptions as Theorem 3.2, for all integers k > 1: 


(4.4) 


|0,^(S’ 




< CKi 


ILp(/4;A) — 

where c is a constant depending on n, p, pi, \, and k, and 
(4.5) |106(S*^'; 




\bMO^ 


where c is a constant depending on n and k. 


Obviously, letting fc = 1 in this proposition yields the results in Theorem 3.2 with k = 1. 
The hrst result (4.4) was proved for A: = 1 in [11]. In this section we revisit this proof in 
order to obtain the one-weight result. The latter will follow directly from the two-weight 
proof in the case of cancellative shifts with (i, j) ^ (0,0), but the case if,]) = (0,0) will 
require some care. However, as we shall see in the next section, the tools we introduce here 
lay most of the groundwork for the iterated commutators. 
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4.1. The Cancellative Shifts. We showed in [11] that 

(4.6) ej(S«)=5^ E “pV/(T0 ({'')« 

R&V P&R(i) 

whenever (i,j) ^ (0,0) and the dyadic shift is cancellative. Then, assuming i < j, we 
expressed as: 

j i 

i=l m=l 

for some certain operators Ai, Bm- Using the weighted 'h} — BMO duality statement in 
(2.4), we showed that these operators satisfy: 

(4-7) \\Ai\\lp{^i-\) < Ma2||&||smo|,h2“2 0+('-0||m||^,(^,^||5'^ ||lp(m)) 

(4.8) ||i^m||LP(M; A) < HAj ||^||2“ ^ O+J-™) ||M||lp(^) || S'!) IIliCA'), 

-- 'hj 

for all integers 1 < / < j and 1 < m < j, where Sx> is the shifted dyadic square function 
in (2.2). From here, (4.4) follows easily from (2.1) and (2.3). 

Now, if we let /i = A = to G A 2 , (4.7) becomes: 

= ll^l|BAro2(D)M^2- 

Similarly, we obtain ||i3m||i,2 (^) < ||^||bm'o|,Ma 2 from (4.8), and (4.5) follows. The proof for 
i > j is symmetrical. 

4.2. The case i = j = 0. As shown in [12], the non-cancellative shift is of the form 

(4.9) + n, + n^, 

where §[]° is a cancellative shift with parameters (0,0), and Ila, hi]) are paraproducts with 
symbols a, d G BMOd and ||a||sMOc — 1; IMIIbmo® ^ 1- 
In [11, Section 5.2] we show that 0b(S[]°) = 0 and 

(4:.10) 0fe(na) = flallfe + naFb + — Aa,b, 

(4.11) 0fe(n:) = Ab,a - n*n: - r,n: - n,n:, 

where: 

(4.12) Aa,bf ■■= Y1 Y1 

Q€X>;e,?77^1 ReV,RZiQ ' ' 

and Aa,b-= fr(<5u)KQ, h)/(<5, h)T^^Q. 

QGV-,e,vjtl 

We remark to the reader, that we are using a slightly different dehnition of Aa^b than in [11]. 
The Afjfe dehned in (4.12) corresponds to A^^ in [11]. However, we shall see later that it is 
more advantageous for our purposes to work with the dehnitions above. 

We claim that: 
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Lemma 4.3. Let X E Ap for some 1 < p < oo. Suppose a G BMOf, and b G BMOfi^u), 

1 _1 

where V is a fixed dyadic grid on R"" and n = ppX p. IfT is any one of the operators: 

Aa,b, Aafi, 0fe(na), Or0fe(n*), 

then: 

(4-13) ||T||lp(^;A) <C{p,X,p)\\a\\ 

In particular, if p = X = w E A 2 : 


II^IIl2(io) I|o||bmo|,II^IIbmo|,['“^]a2- 

Proposition 4.2 with i = j = 0 and k = 1 follows from this immediately, by the assumptions 
on the BMO norms of a and d. Before we proceed with the proof, we remark that, while 
(4.13) was proved in some form for the A operators in [11], we need a slight modihcation of 
that proof in order for it to yield the one-weight result. Roughly speaking, the original proof 
boils down to ||S'x)||LP(^)||Mn*|| 2 , 9 (A')) which in the one-weight case gives a factor of [w]\^. 


Proof of Lemma f.S. It suffices to prove the result for the A operators. For then, from the 
decomposition in (4.10): 

||06(na)||l,P(/i; A) < ||na|li;,P(A)||nb -|- Ti,\\LPi^p. a) -|- ||Aa^fe — Aafi\\LP{ii- A) 

< C{p, ^,P)\\o.\\BMO^\\mBMO‘^{u)^ 

where we used (2.6) for the Ila term, and Theorem 2.2 for the paraproducts with symbol b. 
Similarly, we can see from (4.11) that ©^(n*) obeys the same bound, li p = X = w E A 2 : 

II 0b(ffa) II^ ||na||L2(u;) llllf, -|- r^ll T II Aa,6 “1“ Aa^6||i;,2^ai) ^ II® IIBMO|, II^11 SMO|, [^]yl2’ 

and the same holds for 0^(11*). 

Now let us look at Aa,b- Let / G L^{p) and g E L^{X'). Then 

{Aa,bf,g)= KR^v)f{R,v)T^y 

Q&'D,€^1 R(i'D,RZiQ\ri^l 


Let Or = Tt-q and b^ = T^b, where Tr and To- are martingale transforms with = ±1 and 
= ±1 chosen for every pair {Q ET>,e 1) such that 


rQ,ea{Q,e)9{QA) > 0, and (Tq,, 6(Q, e)/(Q, e) > 0. 

Then 

\{Aa,bf,9)\< ^p(Qa)9{Qa) bAR:V)fiR,v)T^^ 

QG'D]e^l RG'D,RdQ;7]j^1 

(4.14) < ^ o';(Q.«) 9 (Q,£)(n;,/>g, 

QGl’;e^l 

where the last inequality follows from 

(nl/>Q= T £(L£)/(L£)T4- £(R^ri)f{R,ri)P 


P&V,PCQ-,e^l 


R&'D,RDQ-,ri^l 
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By the assumptions on a and r and the Monotone Convergence Theorem, (4.14) becomes: 


E 




\Q\ 


QG'Dje^l 

= (n:,9.n;,/>. 


Therefore, by (2.6) and Theorem 2.2, 

(4-15) ||Aa,6||LP(^; A) < ||n*^||L9(A')||n^^||i,p(^. A) 

<Ci^i,X,p)\\ ® T11 BMO^ 11 ^o-11 BMO^ (u) 

< C{p, X, p)\\a\\ BMO^Wm BMO^iu)^ 

where the last inequality follows from Proposition 2.4. Letting p = X = w E A 2 in (4.15): 

II Aa,b||L2(u.) ^ l|®r||sMO|,MA2|l^o-||BMOf,['^]A2 ^ II ^IISMO|, II ^11 BMOf, ['^] A 2 ’ 


which proves the result for 6. An identical argument proves the result for A^ b- As for A^^a 
or Af,^a, the argument follows similarly, with a few modihcations: 

||Ab,a||l,P(/.; A) < ||n*J|i,P(^)||n^^||i9(A';^q. 


□ 


5. The Second Iteration [b, [b, 

In this section we take a closer look at what happens when k = 2, and develop the rest of 
the tools we need for the general case. From (4.1) and (4.2): 

c=(sy) = |6,c;(s«)] = [%,c;(s«)] + e,(c;(s«)). 

We show that each term obeys the bounds in Theorem 3.2. The hrst term can be bounded 
using (2.6) and Theorem 3.2 with k = 1. In order to analyze the second term, we look 
at some simple properties of ©& that will be useful. Suppose S and T are some operators. 
Obviously 0^ is linear, that is Qb{S + cT) = ©^(S') + cQb{T). Moreover: 

(5.1) QbiST) = eb{S)T + SQbiT). 

To see this, note that we can write: ©^(S'T)/ = Ils(Tf)b — SIlTfb + SUxfb — STUfb. In turn, 
this yields 


ej(|s,r]) = [ej(s),r] + [s,e,(r)]. 

Then 


©,(Ci(S*^)) = [©,(^fe), ©b(§‘^)] + ©2(§*^). 

The second term in the expression is easily controlled using Proposition 4.2 with k 
the hrst term, remark that 

(5.2) ©,(r,) = 0, 

which is easily seen by verifying that 


nrs,/5 - ^bAfb - ^ ^ 

RGB 


b{R, p)f{R, p) {b)p. 


1. For 
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So = 0;,(nb) + 06(11^), and both these terms can be bounded using Lemma 4.3 with 

a = b. To analyze 0^(S*-^) and prove Proposition 4.2 for k = 2, we again need to look at the 
cancellative and non-cancellative cases separately. 


5.1. The Cancellative Case. Using the expression for 0fe(S*-^) in (4.6), we hnd that 

n9.(s»)/6= 4’<jR/(T«)({6>Q-Wp)We'>J. 

R£T>;e,7]^1 


and 

e,(s«)n,6= ^ ^ 4V/(L<)((6)o-(f>)p)(f>)pfcS. 

ReV-,e,r]^l PeR(^i),QeR(^j) 

Therefore 

Sl ( S ‘ nf = Y 1 E “p«k/(T€)({6>o-(6>p)TJ. 

PG'Dje,777^1 ,(5 eP(j) 

Now consider the operator 

U)/^= E i{l>)Q-{l>)QU>)m'ri)hl, 

QeX>; 7 ?^l 

for a non-negative integer j. Then 

(/,,)e,(S«)/= 53 5^ 4V/T.£)(((>)o-((>)p)((6)a-Wp)AJ, 

PGP;e,777^1 PEP(i) ,Q€P(j) 

and 

e,(s‘')c/a/= 5 ; 5 ; 4WT.f)((f>>g-(6>p)((f>)p-(6)K)AS. 

ReV;t,r]^l P&R(i),Q&R(j) 


So 

02(§*^) = Uo)0fe(§'^) - 06(§'^)Up). 

We claim that for any A 2 weight w. 


(5.3) 

To see this, remark that 


I^0)IL2(^) jW\A2\\b\\BMO% 


(^)q (^)qO) 




SO f/(j) can be expressed as 

Pi) = i2"'||&||^jy^Q2^To-, 

where is a martingale transform. Then (5.3) follows from (2.7). Finally, this and Propo¬ 
sition 4.2 with k = 1 give that 


|e‘(S")IL.(p;A) liei.(s«)||p.,„;A)(IIU)li'(P) + ITwIU-m) 

< K^jC{fI, ^,p)\\b\\BMOl,{iy)\\HBMO^j 


and, in the one-weight case. 


I®6(^*')|Il2(^) ~ 4II^IIbmo2,Na2- 
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5.2. The case z = j = 0. From (4.9): 

02(§oo) = 02(n,) + 0^(n*). 

Using the expression in (4.10) and the properties of 0;, in (5.1) and (5.2): 

(5.4) 02(nj = 0,(njnfe + n,0,(nb) + eb{u,)r, + - eb{Aa,b). 

Lemma 4.3 and the paraprodnct norms immediately control the hrst three terms, show¬ 
ing that their norms as operators —)■ Lp(A) are bonnded (np to a constant) by 

II®IIbmo|,II^IIbmo|,II^IIbm'o|,(i^)) and their norms as operators L^(tc) —)■ L'^{w) are bonnded (np 
to a constant) by ||a||BMO|,ll^llBAfo2 Ma 2 - terms, we look at an interesting 

property of the operators: 

Proposition 5.1. For some locally integrable functions a, b, c, the operator Aa^b satisfies: 

(5.5) 0c(Aa,b) = 

and Oc(Aa,b) = 0. 

Proof. To prove the hrst statement, note that 

Q,ReV-,RDQ ' ' PeV-,Q<ZPcR 

(5-6) = KR,T])f{R,T])-^ ({a)Q-{a)j^y 

Q,ReV;RDQ ' ' 

ri^l 

A qnick calculation shows that 


Qc{Aa,b)f = ^ a(Q,e) 


Q&v 


KR,r])f{R,r]) — {{c)Q-{c)j^) 


Q,ReV-,RDQ 


hh- 


From (5.6), we recognize the term in parentheses as (Ac^b/)g, and so 
0c(Aa,6)/ = iKbf)Q hq = UaAcb/. 

The second statement follows by 

^ a(Q,e)6(Q,r/)/(Q,r7)-^(c)Qh^. 


□ 


Returning to (5.4), we can now see that the last two terms in the expression become 
simply IlaAfe^b, which is controlled exactly as the other terms. The result for 0^(11*) follows 
similarly, after noting that Qb{^b,a) = UfeAfe^a. Finally, recall the assumptions on the BMO 
norms of a and d in (4.9) and see that the results in this section prove Proposition 4.2 for 
k = 2 and i = j = 0. 
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6. The General Case of Higher Iterations 
In this section we prove Theorem 3.2. A closer look at recursively expanding the formula: 

CT*\T) = iqji.crmi + ei(cr(r)), 

for some operator T, shows that, in order to control we need not only bound the 

previous iterations but really 

Cr^T), ©.(Cr^T)), Ql { C ^-\ T )),..., Ql { Cr \ T )), 

for every 0 < A: < m — 1. So, it makes sense to instead prove the following more general 
statement: 

Theorem 6.1. Under the same assumptions as Theorem 3.2, for any integer k > 1: 


\ef{cpsp)\ 




I M+fc—11 

Ibmo|, I 


IbmoHu), for all M > 0, 


where c is a eonstant depending on n, p, p, M, and k. In particular, if p = X = w E A 2 , 


|[er(c‘(s-0) 

where c is a constant depending on n, M, and k. 


\lUw} ^ 


M+k L,,]M+fc+l 
SMOl, FJA2 


, for all M > 0, 


Theorem 3.2 will then follow as a special case of the above result, with M = 0. We begin 
by completing the proof of Proposition 4.2. 

Proof of Proposition f.2. So far, this result has been proved for fc = 1 and k = 2. In case 
(hi) 7^ (0)0), we generalize the argument in Section 5.1. We claim that for all /c > 2 and 

Ihi) 7^ (0,0): 

(6.1) eJ(s«)/= ^ ^ 4W(Tf)((6)e-(6>p)Tj 

(6.2) =[/(,)0^i(§*^)-0^i(S*^)t/(p. 

Then, assuming Proposition 4.2 holds for some A: > 1, the result for A: +1 follows from (5.3). 
To see this, assume (6.1) holds for some k >2. Then 

ne;(s«)y= T T “■pV/(Le)(Wo-('')p)‘Wo'>S. 

ReV;e,ri^l PGii(i).QgiJy) 

and 

ej(s«)np= 5^ 5^ a^Qj(P,(){{b)Q-{b}p]Xt’}phl. 

ReV;e,ri^l P&R(i),Q&R(j) 

Since ©^^^(S®-^)/ = we see that (6.1) holds for k + 1. Similarly, 

%e‘:(S«)/= 5^ 5^ ay^J{P,e)({b)g-{b)pf({b}pj-{b}p)hl 

i?GD;e,177^1 P€P(i) ,QGP(j) 

and 

eE(s«)U)/= E E 4 WT.‘)(Wo-Wp)‘(Wp-Wb)'4. 

777^1 PEP(j) 

from which (6.2) with A: + 1 follows. 
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For the case i = j = 0, 

with ||a||BMO|, ~ ~ 1- Proposition 4.2 for i = j = 0 therefore follows 

trivially from the next resnlt. □ 

Proposition 6.2. Under the same assumptions as Theorem 3.2, let Pa denote either one of 
the operators Ila and If*, and A denote either one of the operators Aa^ or Ab^a- Then for 
any integer k > 1: 


ll®b(^)|lLP(M; A) - ^\\^\\BMOl\m\BMOl\\^\\BMOliu}^ 

where c is a constant depending on n, p, p, A, and k. In particular, if p = X = w E A 2 : 


fe+i 


|0fe (Pq) ll£2(^) ^ c||a||gAro|,l|P|lBMO|,['^]A2 


where c is a constant depending on n and k. 


k+1 

BMOf, 


[in] 


k+2 
A 2 ’ 


Proof. This result with k = 1 was proved in Lemma 4.3 for Qb{Pa), and in Section 5.2 for 
©^(A). We proceed by (strong) induction. Fix m > 1 and suppose Proposition 6.2 holds for 
all 1 < /c < m. We show that it then holds for k = m + 1. 

Let us look at the case Pa = Ha'. 

0™+i(n,) = 0r(06(nj) = 0r(n.(n, + f,)) + er{Aa,b). 

Remark that the last term is already controlled by the induction assumption. To analyze 
the hrst term, we use the binomial formula: 


m , ^ 

er(sr) = g(™jer-'-(s)eJ(r), 

which follows from (5.1) by a simple induction argument. Then 

m , X 

(6.3) ||er(n„(n, + r,))||„,^^,^,<5; “ ||er'=(nj|l„p,,||e‘(n, + r,)|l„(^^,^,, 

fc =0 ^ ' 

The statement: 

(6.4) ||er‘(n.)||^,(^, < C(m - 4)||a||BMo?,l|6CM‘o4M”d*‘. 0 < ^ < ™. 

for all w E A 2 , follows from the induction assumption on Pa for 0 < /c < m — 1, and from 
(2.6) for k = m. Then, by Extrapolation, 

(6.5) ||er*(nj|l„,„ < C(\p,m-k)\\a\\BMOimBMOl’ 0 < k < m. 

On the other hand, noting that ©[((Life + F^) = Life + F;, and ©^(Iffe + Fb) = ©^(Llfe) for 
1 < k < m, we have: 

Il06(nb + r&)|l^p(^. X) ~ \Pi ^)I|P|IWo2,II^IIbmo|,(i/)) o < < m. 
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which follows from Theorem 2.2 for /c = 0, and from the induction assumption on Pa with 
a = b for 1 < k < m. Similarly: 

||eE(n» + < c(i')l|6|lSo. Hyt o < t < m. 

From these estimates and (6.3), we obtain 

||0r(na(n6 + Ffo)) ^ C{fl, )^,P,m)\\a\\BMOl\\HBMOl\\HBMOl,{u), 

and 

||er(n„(n, + r,))< c(m)||ab„o|,l|6|ISt|,H7F. 

which proves the result for k = m + 1 and Pa = Ha- The case Pa = If* follows similarly. 
Now suppose A = Aa^t- Then, by (5.5), 

0^+'(A„,fe) = e^{Q,{Aa,t)) = 0r(naAfe,6). 

Using the binomial formula again. 


( 6 . 6 ) 


|er'(A„,i,) 


II'(kA) 


m 

k=0 


|0r"(na 


ILP(A) 


|0"(A^ 


^hlLP(M; A) • 


The statements: 

l|6s(Av)|l„(„.j, $ C{li,\,p,k)\\b\\'‘*^g^\\h\\BMOl{„)< 0<k<m, 

|leJ(A„)|jy,^, < C(fc)||6||yJo, 0<k<m. 

follow from the induction assumption on A with a = b for 1 < k < m, and from Lemma 4.3 
for k = 0. Combining these with (6.4) and (6.5), we have from (6.6): 

|l0r^^(Aa,b) X^p^m + l)||a||BM0|,ll^llBM0|,ll^llsM02,(i/)) 

l!er'(A„,,)||^,,^, < C{m + l)||a||BM04l|i>C«o|,H"Ut 
which proves the result for k = m + 1 and A = Aa^b- Since the case A = Ab^a follows similarly. 
Proposition 6.2 is proved. 

□ 

We now have all the tools needed to prove Theorem 6.1. 

Proof of Theorem 6.1. We prove the result for /c = 1, so we look at 

0f (^.'(S*^)) = 0f + 0f,(§‘^)), 

for some integer M > 0. At this point, we use another easily deduced binomial formula: 

^ 'M 


Then 

||e"(c;(s«)) 


?n=0 


erds.Ti) = ^ ^ [ef-(s),er(U]. 


M 


A) 


< 


m=0 


M 


E („) (lier(s«)llL.(rt + lier(s«)llL.,A,) 


l0f+^(§^ 




Ilp(m; A) • 


Applying Proposition 6.2 with a = b and Proposition 4.2, we obtain the result for k = 1. 
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Finally, suppose Theorem 6.1 holds for some k >1 and let an integer M > 0. Then 

and the result for k + 1 again follows from Propositions 6.2 and 4.2. □ 
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